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Abstract: Building accurate quantitative structure-activity relationships (QSAR) is important in drug design, environ-

mental modeling, toxicology, and chemical property prediction. QSAR methods can be utilized to solve mainly two types 

of problems viz., pattern recognition, (or classification) where output is discrete (i.e. class information), e.g., active or 

non-active molecule, binding or non-binding molecule etc., and function approximation, (i.e. regression) where the output 

is continuous (e.g., actual activity prediction). The present review deals with the second type of problem (regression) with 

specific attention to one of the most effective machine learning procedures, viz. lazy learning. The methodologies of the 

algorithm along with the relevant technical information are discussed in detail. We also present three real life case studies 

to briefly outline the typical characteristics of the modeling formalism. 
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1. INTRODUCTION 

 Building accurate quantitative structure-activity relation-
ships (QSAR) is a challenging task and has attracted lot of 
interest in the recent past [1-5]. In general, QSAR is defined 
as a process by which chemical structure is quantitatively 
correlated with well-defined parameters such as biological 
activity or chemical reactivity [6-41]. Mathematically speak-
ing, this is essentially a regression problem. Several algo-
rithms have been designed to model QSAR, which are gen-
erally categorized as global and local learning algorithms. 
Global learning algorithms estimate the algorithm parame-
ters in a global manner, i.e. during training of the algorithm 
once the parameters are estimated (based on the desired loss 
function), they do not change for future predictions, e.g., 
multiple linear regression, regression trees, artificial neural 
networks, and support vector machines [42-46]. On the other 
hand, local learning algorithms estimate the algorithm pa-
rameters on a query basis. A notion of similarity (e.g., 
Euclidean distance) with respect to historical database is 
used in estimation of the algorithm parameters. Therefore the 
algorithm parameters change from query to query, e.g., in-
stance based learning, lazy learning, and case based reason-
ing [47-52]. 

 The present review deals with the adaptive memory 
based local learning paradigm, viz. lazy learning. This learn-
ing paradigm has many desirable properties compared to 
their global learning counterparts [47, 48, 50-52]. We pre-
sent a detailed modeling methodology along with the 
mathematical details of the algorithm. We bring out its effi-
cacy by presenting three QSAR modeling examples from 
real life. The article is arranged as follows. In the next sec-
tion, we explain the details of the lazy learning (memory 
based local learning) algorithm along-with few important  
 

 

*Address correspondence to this author at the Chemical Engineering and 

Process Development Division, National Chemical Laboratory, Pune, India; 

E-mail: bdk@ncl.res.in 

practical considerations. Section 3 deals with three important 
real world case studies for QSAR modeling with a few rele-
vant important references. Section 4 concludes the article. 

2. LAZY LEARNING 

 Linear and nonlinear regression techniques, developed 
over the years, are widely applied to obtain solutions for a 
number of different problems in various fields of science and 
engineering, e.g., system identification, process monitoring, 
fault detection and diagnosis, nonlinear modeling, optimiza-
tion and control, modeling quantitative structure- activity 
relationship (SAR) and structure-property relationship (SPR) 
etc [50-52]. The common goal here is to provide an accurate 
input/output mapping that is adequate for the purpose at 
hand. 

 Various regression methods can be broadly classified as 
parametric and nonparametric. The main disadvantage of the 
parametric models is that if the wrong functional form is 
chosen, the model remains highly biased in the prediction 
task [48]. The statistical complexity and computational cost 
hamper the performance of the nonparametric methods. 
Also, they require large amount of data for training. The 
whole procedure is divided in training, validation and as-
sessment of the generalization of the model by applying it to 
unseen test data. This procedure is time consuming and can 
badly affect the performance in the cases where time is a 
limiting factor (e.g., control related problems, virtual screen-
ing of molecules etc). 

 The input/output mapping y = f(x) of a highly nonlinear 
process may exhibit reasonably smooth behavior over a cer-
tain domain of variables and may possess very uneven or 
peaky surfaces for certain other domain of variables. The 
global models try to obtain a relationship that approximates 
the actual mapping with least overall error over the entire 
domain of variables. It is possible that the model is very ac-
curate in certain regions and not so much in other regions. In 
other words, the single global model may have different ex-
tents of error in different regions of the variables span. It is  
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more advantageous in such cases to build local models. The 
idea of using local techniques as an alternative to such meth-
ods originated in nonparametric statistics and then it was 
rediscovered and developed by the machine learning com-
munity [53]. 

 There are three aspects of local learning: local representa-
tions, local selection, and locally weighted learning. In local 
representation, each new data point, also called as a query 
point, affects a small subset of the historical data and thus to 
answer a query involves only a small subset of the observa-
tions. Local selection methods then store all (or most) of the 
training data and use a distance function to determine the 
points relevant to a query point. Finally, locally weighted 
learning stores the training data explicitly and only fits pa-
rameters to the relevant subset of the training data when a 
query point is known. The seemingly global models, e.g., 
rules, decision trees and parametric models, can be converted 
to their local equivalents by using a locally weighted training 
criterion. Nearest neighbor, weighted average and locally 
weighted regression are some of the local models in common 
use [47]. 

 Lazy learning is a recently introduced memory based 
local learning method using local selection of parameters. It 
defers the computations till a request for prediction is re-
ceived (i.e. query based), and it answers the query point by 
interpolating locally relevant examples according to a dis-
tance measure. Therefore, each prediction of a query point 
requires local modeling procedure. This local modeling pro-
cedure is composed of parametric and structural identifica-
tion. Given a model structure, parametric identification in-
volves optimization of the parameters of the local approxi-
mator. The structural identification, on the other hand, com-
prises the selection of a family of local approximators, a 
metric to evaluate relevant examples and bandwidth which 
indicates the size of the region in which the data are correctly 
modeled by the members of the local approximators chosen 
earlier. Since it is a memory-based technique, no separate 
training is required to answer the query points, which greatly 
improves the speed of implementation. Secondly, it predicts 
by locally interpolating the relevant points based on a dis-
tance measure. This is particularly useful when limited 
amount of input/output data is available and an accurate pre-
diction is required. Lastly, it is less susceptible to the noise 
contamination [54]. All these features greatly improve the 
overall performance of the learning from input/output data as 
compared to other parametric as well as nonparametric 
methods. The advantages are of considerable practical rele-
vance. First, we explain the basic algorithm along-with its 
mathematical details and then cite few important pertinent 
applications. 

2.1. The Algorithm 

 The version of the lazy learning method employed in this 
work is a memory based local learning technique requiring 
storage of training data in the memory. This method is 
termed as lazy learning method because it delays processing 
of data until a query is required to be answered. Being a 
memory based technique, the unknown function is estimated 
by giving the whole attention to the region surrounding the 
point (query point) where the estimation is required. The  
 

relevant data is measured using a distance function. Lazy 
learning attempts to fit the training data only in a region 
around the location of the query point [55]. 

 As it postpones the computations till the query is re-
ceived for prediction, local modeling procedure is required 
for each query point. The local modeling procedure consists 
of parametric and structural identification. Given a model 
structure, parametric identification involves the optimization 
of the parameters of the local approximator. The structural 
identification, on the other hand, comprises the selection of a 
family of local appproximators, a metric to evaluate relevant 
examples and bandwidth which indicates the size of the re-
gion in which the data are correctly modeled by the members 
of the local approximators chosen earlier. After generating 
candidate models, the generalizing ability of each of the 
models needs to be assessed by mean squared error (MSE). 
It is customary to provide a reliable assessment of MSE em-
ploying a cross-validated approach. Normally, such a cross 
validation approach requires heavy computational require-
ments. For linear models, however, the PRESS (Prediction 
Sum of Squares) statistic procedure can rapidly estimate the 
leave-one-out cross validation estimate and at a very nominal 
computation load. This work takes advantage of this meth-
odology for identifying the optimal local structure around 
every query point. The entire procedure is explained below 
[54]: 

 Consider x m
and y  for unknown input-output 

mapping f : m
 known through a set of n examples 

xi , yi( ){ }
i=1

n
. Let this mapping be represented as: 

yi = f xi( )+ i             (1) 

where ii, is a random variable such that E i[ ]= 0  

and E i j = 0, j i , and such that 

E i
r
= μr xi( ), r 2 , where μr ( )  is the unknown r

th
 

moment of distribution of i and is defined as a function of 

xi. 

 Now given a query point xq, the parameter  of a local 

linear approximation of f ( )  in a neighborhood of xq is ob-

tained by solving the local polynomial regression: 

(yi xi )2 K
d (xi ,xq )

hi=1

n

          (2) 

where, given a metric on the space 
m

, d (xi, xq) is the dis-

tance from the query point to the i
th

 example, K (.) is weight 

function, and h is the bandwidth. To consider a constant term 

in the regression, a constant value of 1 is appended to each 

input vector xi. 

 The solution of the above weighted least squares problem 

to find  is 

ˆ
= X W W X( )

1
X W Wy            (3) 
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where X is a matrix whose i
th

 row is xi , y is a vector whose 

i
th

 element is yi, W is a diagonal matrix whose i
th

 diagonal 

element is, 

wii = K (d(xi ,xq ) / h)             (4) 

 Replacing, Z = X W and v = W y in equation (3), 

ˆ
= Z Z( )

1
Z v = P Z v            (5) 

 It is assumed that matrix P is nonsingular so that its in-
verse is defined. 

 Once the local linear polynomial approximation is ob-
tained, a prediction of yq = f (xq) is given by, 

ŷq = xq
ˆ             (6) 

 The cross-validation procedure gives the assessment of 
the mean-squared-error as, 

mse= E (yq ŷq )2            (7) 

 Cross-validation requires a large computational effort to 
be performed due to the series of training steps. Instead, the 
PRESS statistic, which returns the leave-one-out cross vali-
dation error at the reduced computational effort, is used ex-
tensively in case of linear models. The PRESS statistic [56] 
is given by: 

ej
CV

= yj x j
ˆ

j              (8) 

where, ej
CV

 is the leave-one-out-error and ˆ
j is the esti-

mated regression parameter with the j
th

 sample removed 

from the available set of examples. 

 The above equation can be simplified as: 

ej
CV

=
yj x j PZ v

1 z j P z j

=
yj x j

ˆ

1 hjj

          (9) 

where, 

z j = wjj x j           (10) 

which is nothing but the j
th

 row of Z. 

hjj is the j
th

 diagonal element of the Hat matrix, H, given as 

H = Z P Z           (11) 

 From equation (9), it is evident that it is possible to cal-

culate leave-one-out error without having to explicitly identi-

fying ˆ
j . This simplification greatly reduces the computa-

tions making the lazy learning regression algorithm very 

robust and competitive. Having provided the general proce-

dure, we now proceed to explain how to recursively estimate 

the parameters, obtain the leave-one-out errors and generate 

the models. 

2.1.1. Recursive Algorithm Associated with Leave-One-Out 

Estimation 

 To start with, consider the first-degree linear approxima-

tors. The algorithmic extension to generic polynomial ap-

proximators of any degree is simple. It is assumed that met-

ric on the space 
m

is given. Naturally, the problem of 

bandwidth selection will be the rivet of attention. For the 

weight function K (.), the following indicator function is 

adopted [54]: 

K
d(xi ,xq )

h
=

1 if d(xi ,xq ) h

0 otherwise
        (12) 

 By doing this, the optimization of the parameter h, is 

reduced to the optimization of the k neighbors to which unit 

weight is assigned in the local regression, i.e. the problem of 

bandwidth selection is reduced to a search in the space of 

h (k) = d(x(k),xq ) , where x (k) is k
th

 nearest neighbor of the 

query point. 

 By adopting weight function as given in equation (12), it 

becomes easier and inexpensive to calculate ˆ (k +1)  by 

simply updating the parameter ˆ (k)  of the model identified 

with k nearest neighbors. By using standard steps of the re-

cursive least squares algorithm, it is shown that [57]: 

P (k +1)= P (k)
P(k)x(k +1)x (k +1)P(k)

1+ x (k +1)P(k)x(k +1)
 

(k +1) = P (k +1) x (k +1)         (13) 

e (k +1) = y (k +1) x (k +1) ˆ (k)  

ˆ (k +1)=
ˆ (k)+ (k +1) e (k +1)  

where, P (k)= (Z Z ) 1
 when h = h(k) and x (k+1) is the 

(k+1)
th

 nearest neighbor of the query point. 

 With these recursive equations, local model candidates 
are generated. Once the matrix P(k +1) is calculated from 
equation (13), the leave-one-out errors can be calculated 
directly without any further model identification as: 

ej
cv (k +1)=

yj x j
ˆ (k +1)

1 x j P (k +1)x j

,

j : d(x j ,xq ) h (k +1)

       (14) 

This gives for each k, the k 1[ ]  vector e
cv

(k) that contains 

all the leave-one-out errors associated with the model ˆ (k) . 

2.1.2. Model Selection 

 Before starting the algorithm, the range (kmin, kmax) of 

nearest neighbors to be employed is selected a priori. With k 

= kmin, P(k) and ˆ (k) are calculated using equations (3-5). 

The recursive algorithm returns for a given query point a set 

of parameters, ˆ (k +1)  and a vector containing associated 

leave-one-out errors, ej
cv (k +1) respectively (equation (13)). 

After very estimation, a null hypothesis is formulated to 

check whether ej
cv (k) and ej

cv (k +1) belong to the same 

distribution. This hypothesis can be evaluated by a permuta-

tion test (For details, see [58]). This test facilitates determi-

nation of the maximum number of nearest neighbors to be 
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employed. The above procedure of estimating the parameters 

and the leave-one-out-errors can be done with a set of local 

models, e.g., local constant, local linear and local quadratic 

models. Now the question to be answered is how to make 

final prediction based on the local models generated? This is 

nothing but the model selection problem. There are mainly 

two approaches by which a final prediction is done: winner-

takes-all (competitive) approach, local combination (coop-

erative) approach. 

 Winner-takes-all selects the best approximator based on 
some given criterion, mean-squared-error (MSE) being the 
most convenient and classical one. So, prediction obtained 
for each value of k is compared based on mean square error 
and the final prediction is done as: 

ŷq = xq
ˆ k̂( )            (15) 

with, 

k̂ = arg min
k S

msecv ( k )          (16) 

where S is a range from which the optimal number of neigh-
bors are selected. 

 In the other approach for model selection, a local combi-

nation of b best models is chosen based on the weighed av-

erage of MSE. Here b is a user-defined parameter. If the pre-

dictions ŷq (k)  and the error vectors ecv (k) are ordered cre-

ating a sequence of integers {ki} such that 

mse (ki ) mse (kj ), i < j . The final prediction is made as: 

ŷq =

i ŷq (ki )
i=1

b

i
i=1

b           (17) 

where, the weights are the inverse of the mean squared er-

rors: i =
1

msecv (ki )
 

 Using equation (17), lazy learning combines a number of 
best models for optimal performance. The complete lazy 
learning algorithm is explained in a step-by-step algorithmic 
form below: 

1. Input the data xi , yi( ){ }
i=1

n
, where x represents the at-

tributes of the data and y the corresponding outputs. 

2. Input the query points xq for which prediction is re-
quired. 

3. Define the range of the k-nearest neighbors (kmin, kmax) 
to identify the local models like local constant, local 
linear, local quadratic or combination of these mod-
els. 

4. For a query point xq, based on the nearest neighbor 
range and the indicator function given by equation 
(12), calculate the weights by using equation (4). 

5. Use these weights to calculate P matrix in equation 
(5). 

6. Use the recursive algorithm to calculate different 

ˆ parameters for the given range of the nearest 

neighbors and associated errors using PRESS statis-

tic. 

7. To select the best number of nearest neighbors, form 

null hypothesis and evaluate it using a permutation 

test. If the hypothesis identifies ej
cv (k +1) different 

from the distribution ej
cv (k) , stop including more 

neighbors and go to step 8 else go to step 6. 

8. Use the model selection approach (winner-takes-all or 
local combination) based on mean-squared-error to 
select the best local approximator for the query point, 
xq. 

9. Make the final prediction with equation (6) using the 
best approximator given by step (8). 

10. Repeat steps 1 to 9 with different query points. Em-
ploy appropriate performance metric (mean-absolute-
error, root-mean-squared- error etc.) to calculate the 
final prediction error. 

 Below we give the form of the local constant model 
which is later used in the simulations also [54]. 

ŷ0,q (k)=
k 1

k
ŷ0,q (k 1)+

1

k
y (k)         (18) 

and the corresponding MSE is calculated as: 

mse0
cv (k)=

k (k 2)2

(k 1)3 mse0
cv (k 1)+

1

k 1
(y (k) ŷ0,q (k 1))2   (19) 

where, recursion on MSE is started for k = 2. Equation (18) 
and (19) computes the leave-one-out mean squared error, 
without explicitly computing each single cross-validation 
error. 

 This interesting modeling domain has found many appli-
cations in various fields of science and engineering. 

 We now move on to explain few important practical con-
siderations of the algorithm. 

2.2. Important Practical Aspects of the Algorithm 

 The algorithm explained above has many important as-
pects when it comes to solving real life problems. We ex-
plain them one by one. 

2.2.1. Regularization and Parameter Selection 

 In data based modeling methods, regularization ability of 
the modeling method plays an important role [43]. In regres-
sion estimation problems, the learning bias is typically ex-
pressed as a smoothness criterion to optimize. But in case of 
memory based local learning, smoothness constraint is not 
explicit. Smoothing or bandwidth parameter can be manipu-
lated to improve generalization and regularization capabili-
ties. Apart from the form of equation used in this work, there 
exists many other ways to use the bandwidth parameter. 
These include fixed bandwidth selection, nearest neighbor 
bandwidth selection, global bandwidth selection, point-based 
bandwidth selection etc. A detailed discussion on bandwidth 
selection can be found in [47]. Ridge regression and PCA 
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dimensionality reduction have also been employed previ-
ously for the purpose of regularization [43]. 

2.2.2. Model Interpretation 

 Since the algorithm models the data locally by finding 
only the relevant subset from the training data, they can be 
interpreted easily. Due to similarity metric, relevant points 
can be analyzed in a more focused manner. The magnitude 
of the estimated parameters of the respective local models 
has the same significance as the global regression methods 
have [43]. 

2.2.3. Scaling Issues and Real Time Deployment 

 With new incoming data the size of the database grows. 
There are several ways to find relevant data so that lazy 
learning does not slow down while processing queries. A 
few methods have been described in literature for accelerat-
ing the search without discarding data. These include tech-
niques like binning, use of k-d trees binary data structure etc. 
[47]. Once the relevant data is identified, lazy learning 
method can be automatically used without retraining or in-
cremental learning. 

 If computer memory size is a constraint, there are meth-
ods wherein dataset which is stored can be forgotten selec-
tively [47]. Few points are discarded based on some heuris-
tics (either from knowledge of the process which is generat-
ing the data) or by some systematic quantitative way [47]. 
These methodologies are particularly important for the prob-
lems wherein concept drift is observed (i.e. underlying dy-
namics is non-stationary). Due to its adaptive nature, they 
can be deployed in real time applications as well. 

2.2.4. Limits of Application 

 As the problem with all regression methods, this method 
will also not extrapolate beyond the prediction limits. How-
ever, due to its adaptive nature and local modeling mecha-
nism, it can adjust to drift in dynamics quite fast as com-
pared to other adaptive methods. Selection of effective simi-
larity metric for the problem at hand is an important issue. 
There are several similarity metrics available in the litera-
ture, e.g., Manhattan distance, Euclidean distance, Correla-
tion information etc. The knowledge about the dataset may 
give some insight in selection of one of the similarity metrics 
which will explain the underlying mechanism appropriately. 
Otherwise, one may go for trial and error approach (sort of 
bruit force method) and select the one which best fits the 
data. This method is time consuming many times. 

2.2.5. Software Availability 

 There are several versions of the local modeling soft-
ware, which are available in public domain in variety of pro-
gramming languages and platforms [59-61]. For the algo-
rithm which is explained above, we particularly recommend 
a MATLAB library by Bontempi et al. [59]. It’s a very fast, 
easy to use library and due to structured programming, one 
can very easily integrate the models in his own code. 

 In the next section, we apply this interesting methodol-
ogy to solve three important real life case studies to model 
the quantitative structure activity relationship. In light of 
several practical concerns of the algorithm outlined above, 
we bring out its merits as compared to other modeling para-
digms. We particularly focus on the comparison of these 

models with two contemporary methods which are quite 
popular among chemo-informaticians, namely multiple lin-
ear regression and support vector regression (a more recent 
method). Multiple linear regression is a well studied tech-
nique in the statistics literature. Hence, we do not present 
mathematical details of the algorithm here. Support vector 
regression is a relatively new, well-studied technique [42, 
45]. For its algorithmic details, we refer many standard texts 
in this area [42, 45, 62-64]. 

3. CASE STUDIES 

 QSAR analysis is based on the assumption that there ex-
ists relationship between the biological activity within a 
group of molecular compounds with the variation of their 
respective structural and chemical features. So based on 
these physicochemical descriptors, analyst tries to predict the 
molecule’s activity. 

 The benchmark data set under consideration is taken 
from Selwood et al. [65] where they developed a series of 
analogues of the mammalian electron transport inhibitor an-
timycin A1 as potential anitfilarials in order to design new 
antifilarial drugs. The dataset is explained with 53 descrip-
tors. 

 The second dataset is steroids data set. It mainly deals 
with a problem to model the corticosteroid binding globulin 
(CBG) receptor activity with autocorrelation of molecular 
surface properties. Wagener et al. [66] modified this particu-
lar dataset which resulted in 31 steroids with 1248 descrip-
tors defining the corresponding activity. 

 And finally, the third dataset under consideration is Ben-
zodiazepines (BZD) data available at http://www.iro.umont 
real.ca/~lheureup/dataset.html. The original dataset com-
prises of 245 benzodiazepines compounds with 474 descrip-
tors which act on benzodiazepine receptor. No common sub-
structure is observed for this dataset [67, 68]. Primary analy-
sis showed that two identical molecules have differing bio-
logical activity. After removal of these observations, 243 
benzodiazepines compounds remain in the dataset for final 
analysis [69]. Benzodiazepines are mainly used in muscle 
relaxation, different convulsive disorders, insomnia, anxiety 
relief, sedation, different types of seizures, ethanol with-
drawal etc [67, 69]. 

3.1. Preprocessing of the Datasets 

 It is known from literature that QSAR datasets are diffi-
cult to model due to fewer observations as compared to the 
number of descriptors (i.e. high dimensionality) [10]. The 
molecular descriptors are strongly correlated to each other 
[10, 70, 71]. Also, many times they are nonlinear [4, 5, 10, 
70, 71]. To tackle these problems, effective preprocessing of 
the data is a major step while building the models using 
various algorithms. To deal with correlations and nonlinear-
ity in the data, we preprocessed all the datasets using princi-
pal component analysis (traditional approach), PCA and lo-
cal linear embedding (recently introduced interesting local 
technique for manifold learning), LLE. 

 PCA is a well studied technique in statistics and hence 
for the sake of brevity, we avoid mathematical details here. 
However, LLE is a relatively new algorithm and hence pro-
vide some mathematical details in Appendix A. For details, 

http://www.iro.umontreal.ca/~lheureup/dataset.html
http://www.iro.umontreal.ca/~lheureup/dataset.html
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readers may refer to few important articles [72-75]. These 
algorithms are used to reduce the dimensionality in the data 
effectively while retaining all the important information in 
the data. We compare the effect of preprocessing also with 
all regression algorithms. Prior to dimensionality reduction, 
all attributes were mean centered. 

3.2. Results and Discussion 

 We followed two approaches in the analysis of the 
datasets. In the first approach, we provide the dataset as it is 
to all the learning algorithms and in the second approach we 
provide the reduced dimensionality dataset obtained by ap-
plying PCA and LLE. In the second approach, we selected 
those many transformed dimensions which retain 99% of the 
variance in the dataset. By this way, we compare the effect 
of preprocessing algorithms as well. 

 Multiple linear regression (MLR) and support vector re-
gression (SVR) being global methods require separate train-
ing. So all the datasets were partitioned as training set (ran-
domly selected 80% of the total size of the data) and test set 
(remaining 20% of the data). To tune the algorithm parame-
ters, we used 5-fold cross validation error statistics on train-
ing data. Since lazy learning requires no separate training, 
randomly selected 80% of the total data forms the historical 
database and remaining 20% are used as query points. We 
ensured that these splits (80% training and 20% test) remain 
same for all the three algorithms in all simulations. To avoid 

the sample bias during learning, we repeated above proce-
dure 20 times and took the average value for the error statis-
tics. In case of SVR modeling, we took commonly used 
Gaussian Radial Basis Functions (RBF) as a kernel and se-
lected its width based on cross validation error statistics [62] 
(Refer Table 6). In case of Lazy learning, we report results 
with local constant, local linear and local quadratic models. 
We report usual QSAR statistics (R & S) for all the datasets 
and all the algorithms. The formulae for R and S statistics 
are as follows: 

R =

x y
x y

n

x2
x( )

2

n
y2

y( )
2

n

       (20) 

S = 1 R2
( )

y2
y2

n

n k 1( )
        (21) 

where, x is observed value, y is predicted value, n is number 
of data points and k represents number of variables in the 
dataset. 

 The results are reported in Tables 1-6. Brackets below R 
values in result tables indicate the dimensionality of the data 

Table 1. Test Set Results for QSAR Datasets Using Multiple Linear Regression 

 

QSAR Statistics 

R S 
Dataset 

Without 

Dimension 

Reduction 

Dimension 

Reduction with 

LLE 

Dimension Re-

duction with 

PCA 

Without 

Dimension 

Reduction  

Dimension 

Reduction 

with LLE 

Dimension 

Reduction with 

PCA 

Selwood 
0.77 

(N 53) 

0.76 

(N 9) 

0.76 

(N 9) 

0.61 

(N 53) 

0.60 

(N 9) 

0.60 

(N 9) 

Steroids 
0.839 

(N 1248) 

0.821 

(N 6) 

0.8013 

(N 28) 

1.17 

(N 1248) 

1.19 

(N 6) 

2.25 

(N 28) 

BZD 
0.55 

(N  474) 

0.75 

(N  32) 

0.63 

(N  70) 

0.6 

(N  474) 

0.7 

(N  32) 

0.65 

(N  70) 

 

Table 2. Test Set Results for QSAR Datasets Using Lazy Learning (with Local Constant Model) 

 

QSAR Statistics 

R S 
Dataset 

Without 

Dimension 

Reduction  

Dimension 

Reduction 

with LLE 

Dimension Re-

duction with 

PCA 

Without 

Dimension 

Reduction  

Dimension 

Reduction 

with LLE 

Dimension 

Reduction with 

PCA 

Selwood 
0.78 

(N 53) 

0.79 

(N 9) 

0.74 

(N 9) 

0.64 

(N 53) 

0.5925 

(N 9) 

0.69 

(N 9) 

Steroids 
0.8385 

(N 1248) 

0.8621 

(N 6) 

0.7925 

(N 28) 

1.1718 

(N 1248) 

1.216 

(N 6) 

2.315 

(N 28) 

BZD 
0.68 

(N  474) 

0.78 

(N  32) 

0.74 

(N  70) 

0.56 

(N  474) 

0.6 

(N  32) 

0.62 

(N  70) 
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used in the simulation. As can be seen from the Tables 1-5, 
lazy learning method (with Euclidean distance as similarity 
metric) in general performed remarkably well on all the 
datasets as compared to MLR and SVR. We cite a common 
observation that all the algorithms are benefited from dimen-
sionality reduction. LLE is found to be quite helpful in effec-
tively reducing the dimensionality of the data. Other local 
models like local linear and local quadratic models also per-
formed favorably as compared to MLR and SVR. Next, we 
give Y-randomization test results for lazy learning models. 

Table 6. Optimal SVM Parameters 

 

Dataset * C
+
 

# 

Selwood 0.001 1.0 2 

Steroids 0.001 2.5 1.5 

BZD 0.001 10 2.5 

* Width of the regression tube, + Regularization parameter, # Gaussian Kernel width 
parameter. 

Table 3. Test Set Results for QSAR Datasets Using Lazy Learning with Local Linear Model 

 

QSAR Statistics 

R S 
Dataset 

Without 

Dimension 

Reduction  

Dimension 

Reduction 

with LLE 

Dimension Re-

duction with 

PCA 

Without 

Dimension 

Reduction 

Dimension 

Reduction 

with LLE 

Dimension 

Reduction with 

PCA 

Selwood 
0.81 

(N 53) 

 0.86 

(N 9) 

0.84  

(N 9) 

0.56 

(N  53) 

 0.47 

(N 9) 

 0.52 

(N 9) 

Steroids 
0.85 

(N 1248) 

0.88  

(N 6) 

 0.84 

(N 28) 

1.05 

(N 1248) 

0.98 

(N 6) 

1.06  

(N 28) 

BZD 
 0.71 

(N  474) 

 0.83 

(N  32) 

 0.77 

(N  70) 

0.4 

(N  474) 

 0.30 

(N  32) 

0.34 

(N  70) 

 
Table 4. Test Set Results for QSAR Datasets Using Lazy Learning with Local Quadratic Model of Polynomial Degree 2 

 

QSAR Statistics 

R S 
Dataset 

Without 

Dimension 

Reduction  

Dimension 

Reduction with 

LLE 

Dimension Re-

duction with 

PCA 

Without 

Dimension 

Reduction  

Dimension 

Reduction 

with LLE 

Dimension 

Reduction with 

PCA 

Selwood 
0.82 

(N 53) 

0.87  

(N 9) 

0.85  

(N 9) 

0.543 

(N  53) 

0.46  

(N 9) 

0.53 

(N 9) 

Steroids 
0.85 

(N 1248) 

 0.88 

(N 6) 

 0.84 

(N 28) 

1.05 

(N 1248) 

0.98  

(N 6) 

1.06 

(N 28) 

BZD 
0.72 

(N  474) 

 0.84 

(N  32) 

 0.78 

(N  70) 

0.39 

(N  474) 

0.30 

(N  32) 

0.36 

(N  70) 

 

Table 5. Test Set Results for QSAR Datasets Using Support Vector Regression 

 

QSAR Statistics 

R S 
Dataset 

Without 

Dimension 

Reduction  

Dimension 

Reduction with 

LLE 

Dimension Re-

duction with 

PCA 

Without 

Dimension 

Reduction 

Dimension 

Reduction 

with LLE 

Dimension 

Reduction with 

PCA 

Selwood 
0.80 

(N 53) 

0.82 

(N 9) 

0.80 

(N 9) 

0.56 

(N  53) 

0.543 

(N 9) 

0.56 

(N 9) 

Steroids 
0.848 

(N 1248) 

0.883 

(N 6) 

0.81 

(N 28) 

1.067 

(N 1248) 

1.19 

(N 6) 

1.287 

(N 28) 

BZD 
0.65 

(N  474) 

0.8 

(N  32) 

0.74 

(N  70) 

0.55 

(N  474) 

0.56 

(N  32) 

0.6 

(N  70) 
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3.2.1. Y-Randomization Test 

 We did Y-randomization test for all local models for all 
the datasets with their original dimensionality. In all the 
models, we observed that R value decreases when we ran-
domized the outputs. Thus, it is ensured that lazy learning 
does not model wrong outputs correctly. Results are summa-
rized in Table 7. Next we compare the regressors using sta-
tistical significance test. 

Table 7. Test Set Y-Randomization Results for Lazy Learn-

ing (Data without Dimension Reduction is Used) 

 

Local Constant Local Linear Local Quadratic 
Dataset 

R Rrand
+ 

R Rrand R Rrand 

Selwood 0.78 0.45 0.81 0.40 0.82 0.60 

Steroids 0.8385 0.38 0.85 0.60 0.85 0.60 

BZD 0.68 0.50 0.71 0.45 0.72 0.45 

+Rrand is R value after randomization of the output. 

 

3.2.2. Residual Analysis and Significance Testing 

 To compare the regressors, we did residual analysis and 
significance testing using t-test. It is observed that in all the 
three case studies, lazy learning and support vector regres-
sion performed statistically significantly different at 95% 
confidence limit compared to multiple linear regression. 
However, among lazy learning and SVR, this difference was 
not significant. We also observed in all the case studies that 
with dimensionality reduction, all the algorithms performed 
significantly different as compared to their counterparts in 
which all the dimensions in the dataset were used which jus-
tified the use of dimensionality reduction. 

 Accurate QSAR modeling is quite important. Sometimes 
analysis time becomes a constraint due to involved economic 
conditions. The lazy learning algorithm performs favorably 
compared to its counterparts (MLR and SVR) as it is quite 
fast (no separate training), robust (ability to deal with non-
linearity in the data) and easy to scale (due to its inherent 
adaptive nature) it up to tackle bigger problems. MLR and 
SVR are global methods. MLR fails in many situations 
where nonlinearity is a typical characteristic of the data 
(though it gives a very good first hand judgment about the 
data). SVR is a promising modeling methodology [76, 77]. 
But it requires a lot of careful tuning of the algorithm pa-
rameters (to avoid over-fitting) and effective optimization 
solution strategy (as formulation is based on quadratic pro-
gramming optimization) to scale it up in the real time appli-
cations. We observe that support vector machines are not 
exploited fully for regression problems as compared to its 
classification counterpart in chemoinformatics. 

 Finally, we cite a recent QSAR modeling application in 
which authors used locally weighted regression (i.e. lazy 
learning) in an automated way [70]. They used the technique 
on several experimental QSAR datasets with competitive 
results and extended the methodology for virtual screening 
of chemical databases also [70]. 

 

 

4. CONCLUSIONS 

 We presented a detailed review on lazy learning (a.k.a. 
memory based local learning) for solving regression prob-
lems encountered in the analysis of quantitative structure 
activity relationships datasets. Three real world case studies 
justify its simplicity and robustness. It has an advantage over 
all other methods that it requires no separate training to find 
the algorithm parameters. It is innately adaptive in nature. 
Also, with minor modifications in effective mechanism of 
storing the dataset, it can be easily deployed in real time and 
can be scaled to tackle problems of bigger size. All these 
interesting characteristics make them amenable for applica-
tion in solving problems from the area of combinatorial 
chemistry and high throughput screening. 

APPENDIX A 

Locally Linear Embedding Algorithm 

 The LLE algorithm is based on simple geometrical con-

siderations [72]. Let the data set {X }i=1,2.......N
D  be sampled 

from some smooth underlying manifold. Provided the mani-

fold is well sampled (i.e. there is enough data), we expect 

each data point and its neighbors lie on or close to a locally 

linear patch of the manifold. Thus we can approximate the 

non-linear manifold in the vicinity of Xi by the linear hyper-

plane passing through its nearest neighbors. 

 Based on this simple idea, the LLE algorithm consists of 
a three step process: 

1. Identify K nearest neighbors for every data point, as 
measured by Euclidean distance (Other notions of 
“closeness” are also possible, such as all points within 
a certain radius, or by using more sophisticated rules 
based on local metrics). 

2. Compute the weights Wij that best linearly reconstruct 
each Xi from its K neighbors. Here we are required to 
minimize the reconstruction error as measured by the 
cost function 

  (W ) = Xi Wij X j
j

2

i

         (1) 

  subject to two constraints: 

a) Each data point Xi  is reconstructed only from 

its neighbors, enforcing Wij = 0  if Xi  does 

not belong to this set and 

b) Wij = 1
j

 for every i. 

The weights Wij signify the contribution of the j
th

 data 
point to the i

th
 reconstruction. The optimal weights Wij 

subject to these constraints are found by solving a 
least squares problem. 

The constrained weights that minimize these recon-
struction errors characterize intrinsic geometric  
properties of each neighborhood, as opposed to  
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properties that depend on a particular frame of refer-
ence. This is due to the fact that for any particular 
data point, the weights are invariant to rotations, 
rescalings, and translations of that data point and its 
neighbors. The invariance to rotations and rescalings 
results from the form of equation (1); the invariance 
to translations is imposed by the sum-to-one con-
straint (b). 

Since the data lie on or near a smooth nonlinear mani-

fold of dimensionality d<<D, there exists a linear 

mapping— comprising a translation, rotation, and 

rescaling—that maps the high dimensional coordi-

nates of each neighborhood to global internal coordi-

nates on the manifold. Thus reconstruction weights 

Wij , invariant to such transformations, should charac-

terize the local geometry to same extent, both in the 

original data space and local patches on the manifold. 

In particular, the same weights Wij  that reconstruct 

the i
th

 data point in D dimensions should also recon-

struct its embedded manifold coordinates in d dimen-

sions. This forms the basis of third step of algorithm. 

3. Find the d-dimensional vectors  Yi  that best match 

those reconstruction weights W. Here we are required 

to minimize the reconstruction errors as measured by 

embedding cost function: 

  (Y ) = Y i Wij Yjj
i

2

         (2) 

 To ensure the uniqueness of the solution the following 

two constraints are imposed: translation invariance by re-

quiring the coordinates to be centered on the origin, i.e. 

Y i

i

= 0  and we constrain the embedding vectors to have 

unit covariance, 

1

N
Yi

i

.Yi =  

where I is the d d  identity matrix. 

 These constraints do not affect the generality of the solu-

tions as (Y )  is invariant to translation, rotations and ho-

mogeneous rescalings. The additional constraint that the co-

variance is equal to the identity matrix expresses an assump-

tion that reconstruction errors for different coordinates in the 

embedding space should be measured on the same scale. 

 The optimal embedding Y i=1,2......N Rd
 is given by ei-

genvectors associated with the smallest d +1 eigen values of 

the matrix M [73]: 

= ( W ) ( W )            (3) 

 The bottom eigenvector of this matrix is discarded, as it 
is a vector composed of all ones, with zero as eigenvalue. 
Discarding this eigenvector enforces the constraint that the 
embeddings have zero mean, as the components of other 
eigenvectors must sum to zero, by virtue of orthogonality. 

The remaining d eigenvectors of size N give the final em-
bedding Y. 

 Although the reconstruction weights for each data point 

are computed from its local neighborhood independently, the 

embedding coordinates are computed by an N N  eigen 

solver, a global operation that couples all data points in con-

nected components of the graph defined by the weight ma-

trix. The different dimensions in the embedding space can be 

computed successively; this is done simply by computing the 

bottom eigenvectors from equation (2) one at a time. 

 In situations where data is not available in vector form 

Xi , but only as the measurements of dissimilarity or pair 

wise distance between different data points, a simple varia-

tion of LLE can be applied. The nearest neighbors are identi-

fied by the smallest non-zero elements of each row in the 

distance matrix. The reconstruction weights calculation for 

each data point requires computing the local covariance ma-

trix Cjk  between its nearest neighbors. This is done by ex-

ploiting the usual relation between pair wise distances and 

dot products that form the basis of metric MDS [74]. There-

fore, for a particular data point 

Cjk =
1

2
(Dj + Dk Djk D0 )           (4) 

where Djk  is the squared distance between the j
th

 and i
th

 

neighbors, 

 
D = D zz

 and D0 = Djkjk
 

 The rest of the algorithm proceeds as usual. 

 The procedure as described above leads to nonlinear di-
mensionality reduction of data. 

B.1. Parameters 

 In order to get a good LLE mapping, two parameters viz. 
the dimensionality, d, and the number of neighbors, K, need 
attention. If d is set too high, the mapping will enhance noise 
(due to the constraint 1/nYY

T
 = I); if it is set too low, distinct 

parts of the data set might be mapped on top of each other. If 
K is set too small, the mapping will not reflect any global 
properties; if it is too high, the mapping will lose its nonlin-
ear character and behave like traditional PCA, as the entire 
data set is seen as local neighborhood. In the present work 
dimensionality d is chosen according to the criteria: d + 1 
should be less than or equal to the number of eigen values of 
M that are close to zero [73, 74]. 

 The nearest neighbor parameter K is a measure of the 

“quality” of input-output mapping (i.e. how well the high-

dimensional structure is represented in the embedded space) 

and is selected based on the residual variance [75]. It is de-

fined as 1 DxDy

2
 where  is the standard linear correlation 

coefficient, computed over all entries of Dx and Dy; Dx and 

Dy are the matrices of Euclidean distances (between pairs of 

points) in X and Y (Y was computed in Step 3 above), respec-

tively. The lower the residual variance is, the better the high-
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dimensional data are represented in the embedded space. 

Hence, the optimal value for K , Kopt can be determined as 

Kopt = arg min
K

(1 DxDy

2 ) .           (5) 

 Although, few techniques are given in the literature such 
as linear interpolations and training a neural network or RBF 
network for mapping a new (previously unseen) sample, we 
have preferred a simple strategy of concatenating the new 
sample with given samples and repeating the whole LLE 
procedure. This preference is based on our observation that 
the LLE algorithm takes only few seconds of time to run, 
retaining non-linear mapping even for query point. Whereas, 
the approaches like Neural or RBF networks are hard to 
train, and linear interpolations will lose the non- linearity of 
data. 
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